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1. Introduction to Group Theory

Bina'r\«) Opevations
Like abstvact maltiplication
Definition,
Leb A be o set. A binavj opevation, % o, A is & function,
2 AxA A ; (ab) — a%b ¢A

We do not wyite -k(a,b)
Notafiony:
) N: Natwal Nambers
)2 : l_n{:c\«)evs
)Q: Rotional nambers , Q= 1p/4, p4e2, 440}
) R: Real Nambers
5) (: Comple;x Nambexs
E;(amp[e of binaVJ opem’ﬁor\,\s
) + s a b’mav opm{ior\ on fR,Q N, Z, Q
- s o b'mmrJ o?eva{]or\ on 2, Q, (Q, ¢ | not \
) b alb o QF, RE €F wheve §¥<S\{o]
k) + on Mn(ﬁ’\) (nxn malvices on, fP\)
5 X on M, (R
Remavks:
1) akbeA is expressed by .sa\t)inj % is closed ov Ais "closed” wndey %
Nokice: ‘=" is closed on, Z buk not in, N as

[-2=-
n esz 14N



) Ovdey mattevs, in genem\, axb F bx
Example inZ, 1-2# 2-|
il) The fact +hat % is a funckion, with domain, A means
V(ab) € AxA , akb is defined
AxA={(0,0); a,beA)
eg: [ on R where (a,b)4-> alb 15 not a b‘mav\s) opeva{ior\, as
afo not defined

i\l)ﬂ\e {act +hat £ 15 o finction with AxA means fov M\\l’ (a,)b) ¢ AxA, a&b
15 uniqme(j defined

Navninj: Not m\ua\xP clear % is well defined

: % on Q given, by

axcC = 'M;{j
b d |bl+]d

£ 15 not a b'mm:’ opefa’cior\ as i is not well defined.

%2 =142 =3

2 3 243 S
bt 122 = 242=242 = 4
4 b S ‘f*3 ¥

‘DE'('I'\'!hOV\I
A b’marJ oPeYaJﬁo/\ £ 15 Commatalive f
Vab€A, akb =ob¥a

1) + o Z 15 commutative as atb=bta VYa,beZ
2) -on, Z is ot ommatabive a5 1-2F2-1



Nofation:

Common, s\\jmbols fov b‘mmrj opevationy ave

1) a-b

Fa‘(’fiw\m‘j fo1  commatalive opevations

2) Aob (ComPOSihor\, O‘F 'thc|:i0n$)

) ath

K) Nobhing ab  called jurkeposiion

Cajlcj Tables

X on o finike st G

9...

h

29

9% h

h&h

Mjl

Note,

£ i Commatative

$able s .sjnmehic avound |¢ad'mj diajona\

X on 5IOI|, -1} 15 ommatabive, hos Hable

Buf & on {0,1,-17 with

.%'.0

0

-1

10

|
X710
o0

-

|

0
0

0



Grvoupss

Definition, 1-5  Gvoup
A group (G,€) is a st G togethey with binavy opevation, % such that
(a) Associa’civ'&j
Y oa,b et
a% (bkc) = (a4b) k¢
(b) Existence of idenhkg
3 ecG such that fov all acq
C¥a = = a4¢e
() Tnvense
VaeGg, 3 beG such +hat

a¥b=¢= bia

Remark:
) (@) is called associative phoPlea

i) we o{hv\ dop *' when it is cleay Sayying 'G" vathey than (G,%) ond
(M\l |/\o -I:I;V ot b

i) being closed 1 builk into definition of b‘mmrg opevation

Definition, Ovder
Let G be a group.
Order of a group is the cavdinality of the set G
|G| = ovder

A group is tinke[infinde &= ovder s finike/infinike




un'MLM,MSS O-F ]Aenh&\? and inverse
Let G be a ghou‘). Thcr\,
1) The clement e such +hat

_ 40 =a=qa4e VYaeh
(s

) given 4, the element b such +hat
akb=¢e=b¥a
($
Prond:
i) Juppose £ €G and for all acG
(1) exa=a=0ake and 4%a=a=axf (2)

Th
A (Dexf=f oand exf=e (2)

= e=f
1) Let acG ond Suppose b,C €G with
bka=e=-atb and c¥a=-e =a¥c
Then
b=bke = b (akc) = (b¥ka)4¢ =ewc=c¢

(associ a{iv'.lf?)

We say ¢ (s +he idenhkv of G, we can also white eg, 1, 1

b is +he inverse of a and write bza’

We enphasize ' is +he uique clement of G guch that
!

- -1
QA ¥aze€ = a¥a




let G be a ghoup. Then, Ya,b,c €q,

) ()'za
2) (ab)"= bla
3) ab=a = b=¢

Kbazca = b-c

EYQO:[5
) Follows $rom +he fact +hat
deaze- aud

and WAi 4ueness of inverse

2) We have
(6'aY) (ab) = 6 (a'a)b
= bleb=1b"b
= ¢
(ab)(s'a") = abtDa' = aed’
cad'=¢

..( N
= (ab) = bla bﬂ uniguenes of inverses

Dabzac => o' (ab)=a'(ac)
= (@'a)b= (&'a)¢ associativity
= eb=ec jnverse
= b=¢ ]Aen‘ﬁkﬂ
i) ba=ca = (ba)a'=a)a!
= be = ce associa{ivﬂrj
= be=cp inverse
= b=C identity




(3) and (1) called left and 'rijht cancellabion laws

Let G be a group. Then, Ya, ) 00 €EQ
-‘ - -
(alaﬂ) = anla‘l
Proof Previows Lemma and induction

Fov n=2,
-1 _ _

b\«) PTEYiONS [emma

Tnductive hypoﬂ\gﬂs'- Assume +rue for n=Kk
-1 -1 -

(a‘ ..... ak) - aK ..... a‘

Tnductive skep: Tf proper{'y twe $o1 n=K = +ue fov n=k+|

l

.—l -
(a\""akaz“) = ((W az) alq.) associative

-1 -1
= abH (M‘ T ak) base case
- - -1 . .
= & aK' R inductive hjpoH\e.Sls

Lafin Jquare Pﬂ?efjcj

Let G be @ ghoup of ovder

Then everq element of @ occurs exacHJ ORCE N every 1w and 10 every colamn

0 the Juble of G
Proof: Considey vow Ra labelled lv a€G

e
ele

)
y

R“__g ala “j




Let Sé& = a.-‘ﬂé& closute

e a'g
ele a‘_‘g a(a"g) = (M")g =e§=9
Rp—> aa--------ai(a"g)

So +hat 9 occurs in Yow Ra and colum of a'b

I¢ 9 also occurs in columa labelled b\«,h . then,

e x9 h
ele a"o '
ol 11 3__ O

3= 0-(“"3) = ah S0 bg Cam“u{ion, a"g =h,

o goccuts exacHJ once in Ra.  Simlar for  columas

[ |
e o b ¢ _
ele s the partial fable of @ ghoup +hen we
Can Complete it unizV_el:’

3 & ¢ b L.
. et g Latin s nare pvoper{\j
. Tl e In ang gnoup with identity 4,

$£-=f

= ]dgn{ji-\'t’ must be in (eao"u\j diajonai

Definition
A g’fou.l) (q',«) is Commutative ov abe[iaV\,
a¥b =b¥a  YabeG




Notation;
cFoy X<, X%=xX\ 10}
- Q- {9eql 400}
. Rt= {veR:v>03
Mokabion, T @4) is a group, e write
- 0 fov idenk‘cj
"= foy invevse of a
On accasion, fov c(ariJrU, we  write
& v identidy
Oq fov ovder of group G wndey i)

Examples of Groups

) (R* %), (&%) (@50, R 9, (€,x) are all commalabive infinite groups
2) (Z,-x) nt a \7"0“?: nO inverses cxupt 1,-1¢ 2¢
ORE f',-l}, (T,x) is a commufative 9roup

(1 -l

({r -t
-if-1

ovdev(T) = 2
K (Z4) (@), (R#H), (€4) ave all infinite abelion goups
iden’cHJ: 0
invevse of a1 -@&

Conveniiog:
' Q+i “7\+: Qk, “2*‘, L*—a‘uans avoufs andey ¥
- 2,0, R, € -a(wsz goups undgy +



Geneval Lineay Grroup

Definition, General Lineat Group
Let GL(nR) ={Aemp(R): detA#0]

(&L("\m), x) is a group: of §ize n over R
Proof:
Let A,BeGL(n, R). Then
det(AB) = detA detB +0 as deb A0, dek B30  closure

f:lmuliipli(,ad:i\le, pfopevfj of determinant

GHmR)
T DR

50 ABEGLIMR) = K s a binary opevation

Mu(R)

0

> Mabviy Mmﬂ:ip(ica{mr\ s associative
> det T =140 = LieanR) and
ToA=A=AT, Y AecGnR)
(io\en’ciﬁg)

> Y AcGL(nR), detA'= d‘—tA 30 = A"¢¢LmR) and
e

AN'=Tn= AA and A'e GL(NR)
so A is dhe inverse of A in GL(n R)
S GLMR) s a 3'(0(«‘»

tote  GLIMR) is ot Commatative
The game holds for (4L(n,F) , x) s a group whete F 15 a field



As &L(fh R) % a 310@, inverse of a mabvid s mni1ue,
Alss if ABeGLINR),
g

() = g’y

6'mi|avlj foy any field {, we denote the set of nxn matrices over [F hvl Ma(F)
Put GLINF) = SAEMA(I): det At 0)

(6L(nIF), %) is a group  with idené'n‘j In ond inverse of A being the same
as makriX  inverse

(&L(n,ﬂ:)) s @ 3enc¥a| linear 4104}

Klein-4 9voup
Klein - 4 group
Let K=%e,a,b, ¢t and et "V bt given bﬂ
‘le ab ¢
elea b Then (k) 1 a group and 15 called
ala ¢ G b
bl[b ¢ ¢ a
6ol b a ¢

Proo{ : (keck'mo associa’civﬁj

Considey  expressions (%3)2= .1(52). We need 4o show that for any valuey of %)Y,2
from, K, we have

(x9) 2 = a(y2)
1) It atleast one of 1,92 (5 ¢, result is $vue
2) It L1Y,2€ $a,b,¢y and oare distinct, then, (Ol‘;])i= 22=¢ ond :L(jz) =XX<e
3) T m,cj,zda,b,(ﬁ) and x=ﬂ#2, then, (13)2=e2:i
2(y2) = xt =2 where tzyz fu
4) Lf ‘x,g,ze{a,b,c} and 1=j=2, then, (x3)2=e2:2 and m(ga)= Ae =X =2
The other cases follow Jinﬂa1|7 wing Conmbﬂvﬂj m



Definition, Selg invevse
T X'=x for xeG, then o i self inverse

ote : e":c as o=t = ¢ a‘wavs self inverse
In K, tievy element s seld inverse, K is (ommatabive
The  qroups (Z,, @) and (Zp*, ®), p pYime
(ongruence of Tntegers

This is a velation, Z

Definition, Congruence moduls n
Let neN and define velation, such that
a=blmodn) & a-b=kn for some keZ

The following ave equivalent

1) a=b(mod n)

2) nl(a-b)

3) a=btkn

4) a and b leave +he same Temainder when, divided bj n

5) & mod n = b mod n

For any neN, we have =(modn) s an,
on Z
Prost:
Refleividy: VaeZ, a-a=0 and 0|0 = nla-a
= aza(mod n)
Symmedry: for any a4,beZ, azb(modn) = a-b = Kn
= b-a= (-k)n

=> pzalmod n)



Tmmihvhlgi-FoY any a,b¢ €Z
azb(modn) and bzclmodn) => a-b=kn and b-c=fq for some K LeZ

=  a-¢ = (K,
=  a=clmed n)

Fov aeZ, we write
[a] ={xeZ|x=almod n)i

L. eq,uiuaiencc class of A

[6\7 the division, algotithm, for any neN, baeZ,

b:Kn-}-oL, 0<a<n

Theredove theve ate n-distinet eq,uiva\encc classes

[o], [1], -, [an]

T 'n' 05 an e«tuivalence velabion on, set A, then Va,beA
G~ b @ [ﬂ] = [b]

Proof
Suppose avb and xela]

x¢[a] = x~a and anb

= a~b Tmn.si{'iwjrj
= xelb]
= [a] < [b]
Simﬂaﬂj [b] < [a) Thevetore by mutwal Containment
[a] = [b]

-Surpooe [&l :[b}
J7nneh +mns'|¥ivijr'7
xe [a] ond xelb] =D ann and a0b = ava and avb = anb




Tf ‘w' is o equivalence velabion on set A, then,
T =1[a]: acA) A
Proo¢
Since ‘n'is an equivalence velation) it is weflexive
So YaecA, ava = aclal, hence [0&]#¢
Take any e [x] (since v veflexive) 0 belon\«)s o atleagt one e1uWa\encc class
Suppise xefa] and welo) ([alnle)t§) = x~a and awb
= 4~k and anb
=  acb
= [a]=1e]
Therefote X belongs B o wnigque equivalmce class simce if [a] and[b) ave diskind
equivalence classes, WJ406] = [o] 0f4) 44
=7 mudually  digjoint

Furthey [a] €A for any aeA = EA[a]gA E 1 U[a]= ]
By vetlexivity, if acA, then acfa] = A< U (4] €A
(a~a) ’EA H

Definition Infegers modulo

St 2, is in%e\a)m modulo n defined bo
Z,={[0], [1], -, [n-11}

By the above thestem, Z,, partition Z

Z=[0Ju[]u-uli]




Opevations on, Z,

Define opevations & and @ as follows

- @: [a]of6] = [a+b]
- @ [a]@[b]= [axb]

abeZ

© is a well defined associative, commidative binary opevation on Z,
- [0 is the identity for ©
Proof Showing @ is well defined
We waat b show +hat [a] @ [6] uniqlue\g Valued.
Suppose [a]=[o'] and [b]= [¢)
= azd(modn) and b=b(mod n)
= nlle-a)  and  nl(b-b)
= lla-a)+(o-8)  (iskribnbivi)
= nl(atb) -(a'46") = a+b=a +1 (modn)
= [atb] = [o'+1]
= ((dels)= [a'] 6 [¢)
Showing @ s associative: ¥ [a], [b], []e Z,
([e]olb]) o [c] = [ato] @ [c]
= [(atb)4c]
= [a+(ptc)]
= [a] @ [otd]
= [+]o([6] 0 [])
Showing & is commutative: ¥ [a], [b] € 2y,
[a]®[b] = [a+6] = [b+a]= [b] &[0]
Showing [0] i the identity: W [a]eZ,, [a]@[0] = [a40] =[a] = [o+a] = [0] & [al




® is a well defined asgociative, commudative binary opevafion on Zj
[ s the identily for ®
Proot Shouing ® is well defined
We wmt h show +hat [a] @ [6] s uniqu\j Valued.
Suppose [a]=[a] and [b])= [¢]
= azd(meda) and bzb(mod n)
= a-al=kn and b-b=nd  for some kfLeZ
= a=knta' and b=ndtb
= ab=(knta)(nL+b) = ab=d'b+ (al + bK+Kla)n,
= ab=ab(mod n)
= [ab] = [b']
= [¢]@[b]=[a']e [b']
\Shouing ® is associative : Y [a]' [b], [c]e Zn
(ls]olb]) @[] = [a-b] @[c]
= [(a-b)-c]
= [a- (b-0)]
=[] ofo-d
= [#]@([b)® [c])
\Shouing ® is commutalive: V[d],[‘oléz,\”
[a] ©[b] = [a-b]) =[b-al= [b] & [a]
Showing [4] s the identity: Y [a] €2, [a] ol1] = [a-1] =[a] = [1-0] = [1] @[al




(2,,8) is a of ovder n,
ﬁ%t@?jﬁ] previtvs lemma, & s o binavy operation, Commutative, associative with
¥[a)eZy, [a]@[0] = [at0] =[a] = [0+a] = [0] & [4]
We just need 4o show +he existence of inverses
¥[21eZ, 3[-a)eZy ond [a]@[-0) <[a-a] =[0]
: [-a]6 [a)
Hence (Zy, ©) is a commutative group, with io\cnki‘ry [0) and inverse [-a]

[ |
Convention,

) Zy, a(wav)s means Zp, andey @
i) We ay dvop 0 fom & and [ 1 fom [0] where +he context is clear:
g in 2,
F=3, “15=1, F+(-15)=-g=0=3+1<4

Table, foy (Zz.@)

46 8 ‘l This is +he "same as' (T,x) whete T=41,-1
{1y 0

Note: We wrike [0l [b] 4ov [a]@ [b]
Droppinj the [ ], we have

(,, ) (z,,0)
01 2 01 23
0[{00 O 0[O0 00O
I{o | 2 (101 23
210 2 | 21020 2
303 2|

Neither of +these +he +able of a grup 03 [0] is mot inverkible, and it disobeys
latin squave property
(0 appeavs move +han once)



Notation Tn, Zy, Somedimes we write
[a]=% and Z,\=€6, ey ALY

Definilim
Foy neN,
anl{: {[,]l [2]’ e [n-|] )= Z,\\ 10}

Note: [x]eZy & [x]#[0] S nfu

Let p be prime. Then (ZP*, @) is a commatative group, 07des p-|
Proof Lemma above: @ well-defined on Zp.
® is associative, Commutative, iden{’a’n’ [1]  []e Z;
Closure : Need 4o show Zp* i closed wndev @

Ld:[ﬂ],[b]é ZP* — P/a and prb Note: p  prime
contrapositive. =>  pfab plab => pla or plb

= ab# 0(mod p)
= [ab] 4 [o]
= [ale[b] = [able Z;*
Hence X s a binwry o?m{ion on, Zip*
Tnverses: Need 4o show existence of invevses. [0.] [a?] = (1]
dince pla, we have 3cd(a,|>)=1 ¥ (pha ond prime = 9co|(a,p)=|)
SodsiteZ st 1=da+tp. Hence
[1]= [&mHP] = sattp =1(mod p)
= satbp-l=pk  for some KeZ
= sa-l=p(k-t)
= §a=1(modp)
= [sal=1 = [a][s]=1



S0 we have

[11= [ca +p] =[] < [sT[a) (and alss[s]€ Z,")

Hence invevse  exishs

€ [Note: p prime
Only integers +hat divide pis 1 and ¢

Table for (2%, 9)

ANG— o= PN
F=T—CIN o~ |
Lo NG — =
pPFTFO— Gn»
— DN GLFnNo o~

|
I
2
3
J
b

i o — |

Note: (Z,f , ®) is NOT a roup Fn comyofhle
2ee{l1), -, [v])
For n Compogite, H[G]GZ: such +hat aln,
aln, = neal fov ome LeZ
= [n]=[a][4]
= [0] = [a][4]
Futthey 04 4<n, = [tle 2y
Hence not closed wnder @ = NIT a group



2. Orders of Elements, Subgroups and Cyclic Subgroups

Geneval Associative Law
The 3enem‘ associobive law: leave onb byackels
Fov group (6,%) by associetive law
ax(ov) = (ayb) 4o
But for L elemends;
ab %c 44
Many  Wags to bracket. For example
(axb) % (cxd)
a%(b#(cud))
ede.
Geneval Associative Law
Fov any gronp G and any 0, 0n€G , the  praduct
TR TS

15 un amlﬂquws

Proof : We :Slhou that no  matber how



Powers in g'roups

For 9€G, ve write
§=99
§=999

(b)'= (ab) (0b)
Noke: Tf ab=ba, ie. a and b commate +hen, in, this case
(ab)Z: (ab)(ab) = a(ba)b = alab)b = oy

and

So for exwv\ple,

H Y
T In 3enem| (ab)z'-;! b
Definition,
For neN and 9¢G
3"=(i;9)
n factors
Bj convention
gre
o (gg") = (g7
9 =99/
Tndex Laws
Let G be a group. For any g€G and 2,,2,€7Z , we have
2, _ A%

) 619 = g
?) (32')22 = 52'21
Note: We deduce

321322‘_ 2]"'22_ 22 2'

$0 +hat powers of 9 commate with each othey.




No{;a{:' 0
’ Mplic abive Additive

x#U o(tj ac+7
iden{i{:j e or 1 or ¢ of lg 0 or O
inveYse £ X
powey o 2
index laws ( 32')2'= 32'22 2\(27,3): (= Z;)j
¢ g2 = 32'4'22 209129 = (2|+zz)\7

Ovders of elements
Let G be a group. For aeG, neMN, we have
¢, a'=a-a (n devms)
=) = ()

Alss eeze => ¢'=¢ , we have

¢ =c YzeZ

Consider +he [ist acqg

a(: a') / az, az

So eithey atleast one a'=e ov no o'z

Definikion, ovdey of element a€G
Let G be a goup. For any aeq
The ovder of a wrien, 0(a) is 4he least néN guch +hat
aze i sch neN exisk

I‘f‘ no such n eXiS"'S, +hen O(A) =0




Caution! o(a) does NOT have the Same meaning a5 the ovdey of G

For any 0€G, we have
0(0)=1&E d=¢ & aze
$o

e is the ONLY element of ovdev 1

For any aéG, we have
0@)=2 & a=dte and dze
& ate  and a'sa

ol)=1 0r2 & a is sef-inverse

) (R¥ x)
© 1 has ovder L (identiby)
* =1 hay ovdev 2 =1 = a=-1
" Fov xe R*\(-i,'l_’l, V41 YaeN = ()=
2) (¢ %)
v v has ovder 4 since
SRR Iy A S N
. Tnfact € contains elements of evevy ovdey.
To see +this, considey 2€ c*
2 2 el
Want 4o find gmallest inhjev such that 2'=1
o = ™1 and "1 = ne=2kr (e

=1 =2 1"=1 ¥neN and then n0=2kx = 0= 2k7
n

k)

= O (an +ake any Value



Y$1 = n=0
3 (R+)
+ 0(0) =1 (identids)
- 230, o)=%0 a t-+X(ndimes) $0  YneN
§) (6L(2,R), )

+ The matyix (0' 0) has  ovdev 2
-

Let G be afinide 9roup and let acG. They,

oa) is finite
_ML‘- (Counjcinj Mjmmen’c):
The list
a,az, as,---- s an infinite Sequence of a finde set

Sequence  must  conbain, vepeats ,  say
f=a  where if) = tat =ag
= f= 4"
= e and jrieN

as jieN, we have ola) is finite and ola)¢j1< 20

T4 o(a)—-lf, then a0z alzezan
S0 &, A are Mu{ua“] inverse

2 .
a1 self inverse

= adl = ae,
2 2
K=otz oeza

6 2 3
&4=M:aa=a

2
ax < (a“) = ez=e



Also in +he divection,

4 3 2 2 - o
a=a, &=@&, 0ﬁ= (a")“—C =€

- S0 Yewtite the fist line 4o the second

0
54324 23454384
o.,o,,a',a,ale,a,a,a,a‘f,o.,a a a0

2 9% 2 3
o€ 0aah€anaced

For example,

Remainder Lemmg,

Leb aeG with ola)z=ncoo Lek 2,2'¢Z with 2- ng+7 wheve q,ve2Z, 0£v¢n,
Then,

(1) ai=a"
(2) 0¢s¢chen = d4a

(B) ¥ze Enlz & 2:=0(mdn)
W) = & 2= 2'(mod n)

Proof:
(1) We have
v 94y
= arta = ("
= oy
= a'{

Msinj index laws

(2) i 045¢t<n,  notice that Q<t-s<n o0 if

a‘sza‘t = aN:e = o(a)=t5<n 4 conbradiction as 0<A)=V\,
AT 061;0{:

(3) e & e

it 0Lvdn, e COH{:TadiC‘}S 0(0«)-’-". Tl\eve-{m,

Y=0 = n|2 (Yemember OéY;'\)

Since a"ic fov any ¢ with 04uén and 04v<n,



() =@ & @F-c & al(22) & 2:2'=(mdn)
Msin} (3>
Consequently if 0(8)= <o, then
n-l

2
e,a,a:,----| Q

1s & complete (st of 4he distinct powers of a

) Let ola)=3. Then +he vemaindevs ave 0,),2 and
{0 2¢ 21 = f“j 0,8 =$e,0,d) and 1{e,0,dY]=3

Also R
azz: aq”: a (o)

dubj‘roups

Defimition, éuijouPS
Let G be a group. Let H<é
Then, H s a subgvoup of G denoted H<G o
() a,beH = abe H  clogure
(1) acH = d'e H closure ander invense

(i) eeH containg idenjciks, => H{P

Note: Hgg & His a 9roup under +he vestvickion of +he b'mavj opevation in G +o H

The converse is also frug, that is

of Gt H

V Heg, H<e & (Ho) is a ﬂ‘ur, ‘o) is the vestrickion, of binaxy operation

p'foo£'- His a group under Same b’mawj oPem’c?on = H s closed under this oye«aﬁon.
Jince H s a guoup, it contains an Men’cﬂj fay jeH = $24 €G and é=¢ in ¢

Let aeH. Tnverse of 'a in, H is an element b such thak
0b=f=ba ()
But 57 above e=f = i\éé 19 '”‘.'1“ Ja{'ls-f—j)nj (’K) Hence bza:'éH.

= e=f andecH




NZ<LQ<¢REC
2) @¥<R® BT (R*x) is NT a Jubgvoup of (R,+)
3) Fov neN, n2={n2:2¢27 (‘j 22=%,-4,-2,0,2,4, -
Then, nZ<2
1) $L(n,R) = { A My (R) | det A=1Y Then, SL(nR) < 4L(nR)
700+ -
As det A=140 YAeSLnR) = AeglmR)
= L R) ¢ 4L R)
(@) det Ty=1 = L=eedL(nR)
let A, BeSLmR)
det(AD) = detAdelB =111 => AB¢SLIMR)

it) det A":ﬁA L1 = A estnR)
(4

Hence SL(n, D) ¢ GL(nR)

5) For any. group G, V<G , G<G

Definition, SPecia{ Lineay Gvoup
SL(n,R) = {AeMa(R): det A=1)

C(jdic \SmbﬂvouPS

Definition,
Let G bea graup , a€G. We define
{a>={a*:2¢2}

In + notation
{ay={2a: 2¢2}




Tf ola)=co then, d=d = i=]
T+ o(a) =0 +hen, if 1< and o\i=d’ = "¢ contradiclion #
§o ... o[?a:',e,a,az... are all distind = W] =00

Since azal=> aj';=e,60 i jri40, we would say o) ¢lj-i

Hene if | o(a)=00, [<ad|=c0

:5\_—?{_ oéa):ném, then from Temainder lenma, <aD=fe,a a8 Y and ¢, 0, &a are
1Tine

o 0(0‘3”\. |[<dl=n  and <a>=€€;0\‘:"",ﬂ”“l

For any a€G, we have &) is o commutative subgroup of & and
|40 = o(a)
Y00
We have shown, [<a>|= o)
e=0¢dad
i dedw) then ' el

(a"y': of“é(a), hence {a) <4

h k hik k k L X

aa=a =ao hene o) is commutolive R
Remayk:

74 o(a)=n, +hen a'=a"

2 Q)
W< 0&" e’cc

..| I
T4 nis even, 0a™) = o'

Definition Cyclic Subgroup
1) o) is the c:,c.\ic. \Subgmu? \9enem€ed "] a

(i) gvoup 1S cjcli(, if G=$® foy some a€G. Then we $ay @ Jenem{'es G




Let & be o goup with [6l=n <oo
Then, & 15 cjdio & 3 aeG with oa)=n,
Proof -
Fov ony a€G, L8> £ G
G=£a> & |<a>| =4l
& l61= o(a)
& ola)=q,

) Z s cjclic 05 Z={=<D
W Q is not cycliv a3 5 Q=<0 then, 040 and Q=%-)-29,0,0, 0,20 --)
But %GQ but %4! >

i) Iy 2y , o([1]) =n @
[1] e [1]e - 8[1]= [a] =[n]
S0 Zy, 15 opclie and Z,=<0LD
) Tn, K, we have K={¢,a,b,C) and ole) =I, o(a)=0(b) = o(c)=2

Hence K not 6\7‘“"
{e>={e) {>=1¢a] by ={e,bl, =%y

(1) Let G=<a> be c\’clio of ovder n=uv, Then, & has subgroup of ovder v
@ Anj Subgroup of a C\t,clic group 15 c\«)dio
Proot-:
(l) o(a)=n= w = o(a“)=\l (Exefcises)
= a jer\mEes cvclic .SubgvouPS of otder v

W 2u (v

= " ={ea,a,-,a V<G with [<ad]=v



() Let HEG where G=4o> 1 cnclio
Suppose  H= {eY, then, H=¢e> = Hs cgcllo
Assume H#{el . So Ja;eH wheve i#0. Then, Q= (m) eH Ha subj«wf
Jo we .have &t eH, oowe con find a least nen with oeH <we|| ovgiev_ma>
Let deH. B:, division, aljovi‘chw\ , 3 9,7€Z e

\] na}-l—v, 04 YN,
Now o = ™= (&) ?/éH as acH and aeH  closure
Since n is least, v=0 else we controdict +he rf\i»\imah{j of 1,
=0 = J=n¢
= nlj
We mw have 8L H<d> - H=Kd> and 6\«76“0

) In @*, we have (2= fzz, 262}4----, Tny Y2y, 2,4,
2) In 2, we have {2)={22:2¢Z}={..-42 024, }
D1z, -101E]L K1), 1Z0<m, of)<eo
3) In, (Z:, 8)  +he element [3] has ovder 6 as dvopping 7
3#1, 32241 , S=6#1, st-441, P-5¢1 Ss=1
Jo Z: has sub\ﬁwours of ovder 1,23 ¢ by Theotem, pg 30.
{11= 35D ha order 1
Z; ={3Y has ovder 6
@ ={2,4 17 28 has ovder 3
<33>= {6, 1} =46  has order



3. Symmetric Groups
Jymmeteic. Groups
Let X be a non-emp’c] set XF0 (often, X=[n]={1, - n) nen)
We write Ty for the identity map To X =X . If X=[n], we wite Tp, fov Tpq

Detinition, Jymme‘mj
Let X be aget. A bijecion, 0:X=X is called 4 symmetry
We denote by S the set of all bijections from X X.
VE $0:0 a ijmehy of X
T¢ X=[n], we write S, for s

_ﬁm{(o, The b'marg opemjciov\, Teyvcsenhd bj O s Cow\fosiliob\, of & funclion,
Symmetvic Group
The paiv (&;,9) is a group, he on, X
Provd:
Let &, peS,. Then
£: X=X and p:X—X
ate  bijections. Cev{am17
dop: X — X
Also a5 of and B ate bijections o i olop = ofof €X
Thevefore o is a binarj opevahon on Sy
A&&a&m}g. Composition, of functions is associative
M T,¢8 and fov oy o €5y, We have
(o =K = T ok
Taverse : Fit\aH?, it €Sy, then, he inverse  funchion, XX exisks and i a bi\jec{im
o('|66,< and o(oo(_'=I;('=o(—‘00(

§o (35,9 s a group u



Remavrk:
—‘;ji A—B, -f:j Mmeans {(m):.g(a) VacA
Note: We often, drop mention, of o

1) n=1, §= {I,),the table is

ol I1
I, I:l

(2) n=2
) Sf{IZn"(.) where o(=)(2_-—9)(2)o((|)=2, d(2)= 1

The table 15

o|T, « D) ()= () =(2) = 1

B i) @) = «(%(2) =x(1) 22
o | o(op(:IL

©®) n=3 we have T €5, €€S wheve
e(1)=2, €(2)=3, e€(s)=1

Tuo vow notation,

We can write o€S, as

For example in (3) above

e=(126>
231

Leb pedy given by



At
(x(

(PT)(I) = I)" p(z)- P("(3))= P( 1 )): p(4) =2
(pr)2) = P(T =pl)=z W)= plulk)= p(s) = 4
g

Working owt g, we have
LR SN (¥ ke

RemayK:

Tf 0,7 €5y, the composition 5 abbrevioted 4o 67 veferred 4o a5 +he product of o 27

Caution,! Permutation product is applied 'ﬁjk{ o lett
07 : Apply T finst then 0

Remay k'

Tn, two-vow notation, fov o€J, each clement of [n]={1,-+,a] occurs exactly once
on the Second yow

Te o=[1 2 o h coeeee Yo

S )

Then, i+ ol(:x)=o<(j) , We have x:y ( d (s one 4o one)

As « s onto, any 2 € {1,-n) appears on the second Yow, we have

=a(t) fov Some £, o
ol=f 1 - .L
(o((() ....... 2 :}h))

Thus the Second vow is a pevm‘ca{:iov\/ve avvanjemenk of the First.
As there ave n! permutations of n elements

KNETN
lgl=1r=1  clgl=2l=4 &= 3!=




The 6 elements of §; ave
(13 4r) M) os
v(i32) «(5) +(13)

Multiplication table
ofT;, € € |6 0, O3

LI, ¢ ¢&|6 6 o As 4o example

tle ¢ T,|06 o5 o 06,1 6,€

(’2 ¢ L, €| 0, 65 & $3 1s NOT commutative
6lo, 0, 6| I, ¢ €

(ﬂcle Notation,
Some elements in Sp can be written as cjc\es
v example  €eSy, we wrike ¢=(123), we mean,
e(N=2, e(a)=3, e(3):)
Ne would 3& same function bﬂ uri@‘mﬂ
(231) ,(312)

Definition, Cﬂde
A cjcle in Jn, (of Ien\,’ck n22)
°‘=(°"»“';a")
wheve a,a,, - anéfl,---,n.\) and @ a4 for 14
Tt is the bi\}ecjcion, defined by

d(a‘) =0, d(al):a\S [N d(mu\q):am, d(“'\\:al

o((i)()t:k Yae fl,----,l\'i\{ﬂ;,---,an” fixes othey e[emen{s




We can, write

Cﬂcies from, left 4o 'rijh{", they can, have any s{avéing po'm{

Cjcle o\ecomposi{iov\,

Not eve\rﬁ pemw’ca‘ciov\,,howevev every Pemu‘cahon, can be wyitken, a5 a pvodm’c of
0.( Cj“’

In §,

e:(:z})
231

This meany 192 31
In cﬂclc no%ajciov\, f=(l23), Jin}‘arij (2:(132)
Fo 0‘_,,_=(‘ 2 3): 2032 L1 (fiked)

I 32
= 6‘:(2,3)
Jimilar ly 6,=(13)
0,=(12)

bt

Here we hae 10201 => (12)
S5PLP563 = (345)
Thevefove p= (345)(12) product i composition,
Remarle: Tn, +he exwyle above ?roducjc is a;myos‘:kion,
8=(3 4 5)(1 2)
do Agx\: AZ fint

oPem’dov\, done {rom, 'rijhl: b left.
We could also have writtben, p=<ll)(3lt5)



M'nﬁr\? nohl;im:,

k5
Jo we have 0(1)=2, 0(4) =4
You could wrike (12 2 3 4 5\(1) =2
| 34 5 tend  NOT to
ot (12)(k) =4
Note:
1) In, ‘3"‘ nofation, domain, 15 wnderstood
2) (a, a, - Om) < (“'L Qg O a)= -~ = (anaya, ""“M-()

S cjclc notation i NoT uniquc

) In S (32 45)(124) = (}t ; g ? §)=("t)(253) (nol cncle)

Products of cndes do not have 4o be cf’cles

Note! Comgose cacles $1om fighf o left, thej ave {unctions; 69c|e3 'C:,c‘c' from, left 4o
'fi‘,h

Taverse of @ Cjc\c
The inverse of the Cg,c\e

a‘l—) aZ ..... Han“HaWHa'

15 the cﬂcle
a’ﬂ,H aﬂ.‘H”“ Haz H a‘Han

Hence -1
(a,8,d0) " = (aqa,, &)

Obsevve that

(ﬂ' aﬂ) (anan'\..-. 0101) -

|
R
e

(“Wan'\..-. ala‘) (ﬂ' aﬂ) = Il\,




Order of a cjclc of IenjH\ ms m
Proof
Lot o=(aa,a,) €S, Then,
«(0))= a,
of (3) = «(4(a))=a,
d ()=
o(a) = <(an) =a
Hence smallst K such 4hab o*(a)= 0 15 m,
Aso Hhe Same. arqument ~gives o ()= 4y Léidnm
Ao «(x)=x VYxd{a, a0 = ") =2 Vaf{a, . a).
Hene 0(a)znm,
Sy the b elements of S5 ave

IJ=(: zi) €= (‘zi f):('”) e:(;% ) = (132)
0]:(: ii):(l&) 6,_:(‘]37?:;3):(1}) 0y= <|2-z|

o(T,)= 1 o(e)=3 ole)=3 ola)=0(0,) = 0(o,) =2

Note:
')|53|= 3= 6 and 1,2,3 are propey divisovs of 6
2) S5 is NoT commutative as fof example
eo- (123)(23)=(12) =05 40,00,
3) dec) NoT commutative in Jenem‘

(124)(35) = (I 23 i >— (35)(124)

and also  (12)(35)=(35)(12)



Defiition, Disjoint Cycles
2 c\o]des ave d'nsJoin{' 1 ““j have ng elements in, Common
(4,--a) and (b--by) ave d'.sJ'oin’c i
{aan) 0 {byib) = 6

Di()o'mf chles commute i.e. o BESn are A}s\')om% cﬂc\es then,
o(p:po(

Nofotion) Fot disjoint cncles o B
wite &=(a,ay)  p=(by--b,)
where  {ai,+,ar)n{ by, b2 p
Proof:
Let u{(a.,----,a;,b.----.bﬂ
dp(a)= w(p(a)) = ot(x) =
pa(x)= plu() = ot(1)z
S0 wpla) = pula)
Consider a; éfb - b,,ﬁ we have
dplai)= «(p(a)) = olaid= iy pla)=ai B fixes ag's
oo pulai) = Bla(a))= plait) = auy T4 =1

= plai)= palal

Jm'dadj (ap)(b)= palb) v, ¢ fa,- a¢)
Hence S élﬁ)('ﬁ =(FJ)({1) V?ff' ----- A1, we have
ol‘;:[;a(



Cjc(e decomposition,
Let odédn. Then,
K=, Ty
wheve T, Yy ave Ai::')o'mk cndes.
This  expression, i wnique except for the order in which +he cﬂcles ave written
We interpret the emyij product a3 Tp,
Proof: Let wedy
Consider list of numbers 1,--,n
Choose the finst o in the sk such that (%)< (.{ no Such i exists then, of= T, and I,L)
CO’\S.lAW H\C llSl: e ?‘mduc{ 0{: ’ dee)
1=a(d), 2), L0, ()
list musk be fimte as it s contained i §1,-n] and 5o must contain, 1epeats

Juppose  that o (i) is the first power to be Tepeated and ()= (}) wheve v20 s
the fint repeat

The inverse of of in the wa \ PR & So that
=T, (10) = o 90 = 6 = ) L)

the conclusion, is fhat o° is the first vepeated pover, that i w=0. Also o (i) is the fint
vepeat of the list .

o6, o0, ()
ate all distinct . Put K, =v-1. Lek 7, be the ajclc
7,=(1, (), £(5), ..., (i)
Using the division a\ﬁoﬂ’chw\,. we Can Show thak fov ony 2¢Z
() eft,a(i), o), - (N
It «(j)=j Vj nok in the fist
al), 6, )
we stop. Otherwise pick the smallest j not in the fist and consider the elements
i), Gl of {2,mY



We cannot have
o(u( i)= A (\))

o any 0£ugy as this would give
=)
contradicting the choice of j (not on fisk of 1)
A1juin7 a3 above , we obtain, a cjdc Ty
1= (§,4(), -+ 2(})
for some Ky okice that is ca,c\c is disjoint o Y,

Cov\hnuina

. we obban, digioint cydes ¥, ¥, unbil all elements of £2,,n) is wsed up and
construck v ! ' ’ o b’

" o(:‘f‘....')'{
6how‘mj uaigueness , it also
=g, g
for disjoint teles 6 then nolice that for any 16{1,2,.-,nY we have that
d)= & 14T > 24§
T+ 1 appeots in, Vy and &, , then without loss of aenem\'s‘c.,, we can assume that
T, (4,.) = (4, 00), -, ()
wheve &7 ()= £ Bub Since we can also assume §, beginy with £, we have that
T 4,
Since disjoint cgc\es Commate, We Can also assume hek=1 so that by cancellation
Ty s &4
An induclive mjumenk oK ydds tat v=5 (afber 'fe|abe||inj) V=6, for 14igy
[

Definition, chde Decomposition,
The decomposil:iov\,
o= T| eede TK

05 o product of dis\)o‘mt cncles 15 called the CUC\C decomposition, of o




Write in cnch decomposi{ioq,
< 5 6 7’ = 5
1) o ( igng(, |> = «=(1322)(45)
2) (2413)(533) = (135324)
3) (534}—1(24!4)" = ((2y19)(53%)) = (:+5324)" = (4235% 1)
Recall: Since dis\io'm‘c cjc\es commute, T4
T and § ave d‘xs\‘)o'mt then, T§=6Y

T followy +hat
I (WER S VzeZ

(geneml proof in, exercises)
Let w=(123)(45) €S
Recall 0(123)=3, o(k9)= 2
So o #I;
o= ((123) 45))2= (113)2(4 5)1: (132) # T,

of-«m)(q ) = (129s) = (45) 41,

(' ((123)ys))! = (I?-3)(45)4=(123)=£I5
2% ((123)5))° = (123545)° (isz)(45)¢I5
(023 ws)) = (129s) < 1

50 0l =6= [em{3,2Y

Let oesy , «FIn. Write
A=, T Tn

are dis\')oinjc. Suppose the lenjH\ of % is | for 12i4m. Then,
olw)= Imfli,...,l,ﬂ



Proof : Suppose ot€Jy

Let the dee decomposition, of & be

=TTy T
where leagth of %; is ;.
We know the ovder of ;

olv)=4; VYi¢iem
Since disjoint cycles commute,

L= (T V) = T‘x----"(: for any %€N
Tt x is a maltiple of £;, then ’f;i= Ty S0 that if % is a common multiple of al 7;
A T"‘_,..T: =Ty I =T

Suppose that 9£N, o(v=I4 and Y 15 not & common, mulﬂfle of £,,..0m.
Since T1's commute with each ohev, we can assume that £y does nob divide y

y=ql+y wheve 0<vedy
We Know that T;LTZ. Let

Jince the T are dis\jo‘m’c, a, does not appeat in, Ty,.., V. Thus
Tj’(dl'—'al for 25\394,

Now a) = (7)) (a)

= (1) (- (%2 (a)-))
12 (- (v (a) )

¥ 3(a,) =7)(a) = /S S

]l

Thas al# I, % contvadiction,
Thas o(x=I," <= 1 is amubiple of L7 1<3¢n

Hence ovder v the least x
0(“)": |C"\€1|,---,1n1] o



343 16 52
o£=(1224)(56)
o) = lemfhia) = 4

=1 563 &840l
(Z)P (2%i 310 619 Zlg-’l—)

p=(21)(34 5)(6 1011 +)(84)
op) = lem (2,3 % 2) = 12
Nmma:i’ows of cnc\cs do not have to be cjcles, eq

2

(1234) =0(3)24)
Transposition,

Definition, Tvansposition

A tansposition is & cycle of length 2

Tf o=(u,v) 5 a ‘c'ransposil'nor\,
o(4)z2 = a=o"
= o is Self inverse
We have (wv) ' = (vw)= (wv)
Let (1234)¢ Sy
Then (1234)=(11)(13)(12)

Fact: Foy aﬂj (a,.----a,.)eJn, (a. ---- 0,,)= <ama|)(an\-|a|)"" (asal)(az a|)

P'foduci of transpositions

If €Sy then o 15 & P'roJuc’c of {:'fansPosi{ionS



Proof: We veqard Ty as a product of 0 transpositions (also for 022, Tp= (12)(21)
Let =T, then, o= Ty, ov Some dis\')oin’: chio T, 1£714K

Replace each 7 bj & produck of tvanspositions above

with p= (1)@ 45)(6 10 1 2)(89) = (12)(53)(43)( 6) (10 €)(3 %)

Remark:

) T’fanbpo.sl(:ior\, 1e?1¢senjcqhor\, NoT dis\"oint
2) NoT uni1uc. p can be written ag

g= (32)(13)(5 2 (42)(5 2)(2 )(1 6) (10 6) (8 9)

Definition, Tvansposiﬁiom numbey

The tvansposition, number T(s) of an arbitvar permutation, 0€dy 1S defined to be the
non-neja{ive 'ml:ejer computed by decomposinj o iw?{o dis‘]o'm% ajcles av\q fakin, the {o"ou‘mj Sum,

T(0) = Zn-_('r—l)(#v- c5cle5)
Y=

Tn othet wotds, we take weighted sum of the number of disjoint cucles, where the weiﬂhh ave
what we believe 40 be number of transpositions to factorise each ¢y le

Note: Jince the decom‘)osi{iov\, into dis\join’c cjc\cs 15 cmiiue , T(o) um'|1ue (udl-o\e-fineo\)

Also T(T):= 0

() Oed,
0=(38)(1%9) (254 10 6)
T(0)= 11421+ 41=73
() aed,
o=(38)(1%9) 25410 6) (01213 14 15)
T00)= 1.1+ 2.1 + 4.2 = |\
(5-0)



Note: T(6) s the minimum, number of trangpositions to COmple{'e\’ fachovize ©
Pmrifj Theovem,

Let 0¢Sy. The number of hanspos]{:ior\, in, wmplebe factovization, of o has the same
Parﬂ:t’ as T(O')

le. it is alumjs even, o1 0dd
Proof: Proof has 2 parls
ConSider 0€Jdy, being multiplied bﬂ a transposition, T=(a b) to form,
0'= 70
When 6 is decomposed into disjoint cycles, theve ave 2 cases
1) CASE 1. a,b contained in same cjcle
(a b) (@ ¢ ) (b dydg) = (bdordg @ 6nt)
T(0)= T(0) 4 1
2) (AJE2: a,b ave contained in the same Cycle
(ab)(a ¢ty bdyds) = (bd-ddacc)
T(6')= T(0) -1
Thus mulkiyl'jinj any permutation hanges iks pmihj
Using induction, let P(K) be the statement
"I+ 0 is & product of K han&poﬁl'ions then, K hay Same paﬁ{j as T(o)"

The base case P(1) is fvue a5 a haanoJihov\, be'mj a 2 cﬂclc has hansposihov\, num ber
1

For inductive step, Juppose P(k) is true and 6 is a product of K+ {:vanspon(:ions.

Jince tvanspositions are self inverse

TK-HO- = ‘TK ..... ‘T1

Hence by the induction, hjpo‘ckesis, T(Te 0) hay the same pavihj ay k. Thevefore b‘j
part 1,

T(6) hay opposite pavi’ctj to K == Jame pafihj a3 kil
= Mkt s true




Definition, ign,
Let ol€Sa. Then o 18 venfodd i of is product of ovenodd number of —mmyosihons
The  sign of o denoted Sj’\(o() 1S defined b«]
$o $9°Ja 2 4 -1

¢ B
$3
Evens: I, , ¢(123)=(3)(n0) o= (132 (12)(21)

odds:  0,=(23)  0,=(11) 0';:(!2)

Consider o, B€ Jp. Write

d=pfry, By where g, Vi ave ranspositions
14udy, 14545
Then, AP= g Ay V) Vg 15 a pfodu& of Yts ’cmMpos‘uhom
X | B | £P Jjn(“) Sﬂn(p) .Say\(o(p)
even, | even| even | I - I
even| 0dd| 0dd l - -|
0dd | even 0dd -l l -l
0dd | 0dd| ever -\ - | |
Defimition,
Let neN. Then,

Apzdes, o is even]

Alfcma\linj &mP

We have A<,




voof:
Ta is even, = In€ Ay
Let o) p €A, Then o, p ave even,. From the table
d,B €Ay = «B s even,
= ope Ay
Still with «€A,, weite o=p -y where p; are transpositions and 7 is eveq

3 - -l - - -
Then o ‘f(ﬁ‘-le""/Af) = (,‘41'}41.‘; IMI.' /‘hl) = My MY_""'Mlt My 1S @ PTOAW.!’, o«f even,

‘Han&?oﬁ’cions
Hence L
& € Ay
Thefore  An<éq -
Note, -

A= (L5, 6, €1=<p> and [A l=3 =4 = | 44
2



4. Cosets and Lagrange’s Theorem

}ijva_njgfs Theotew, : Let G be a finite set , HEG. Then,

[l 1l
\s{'fﬂ{’ea_’_: ‘
Partition G into blocks of the Same Size, one of which is H
H
Cosets

Dedinition, Left Coset
Let G be a group, H4G and acG
The leff coset with coset leader a s
aH = {ah:heHY

Note:

eH={eh:heH = {neH} = H
Jo H s a left cosel

1) Group §3, Juijouf H={1,, 0, = <o,>
TH ={L,1, I, 0] {T,61= H
eH={e1, €6, ={¢, 5}

PH={er, €6 e,0.0
oH=161, 6,0]=%0, €1 < eH
Ot = $6,T,, 6,00 ={0,T,]<H

0y ={0,T,, 0,0= {5, €)= ¢



Notice:
() Coset leadey NoT unigue
T,H=gH=H
06,H=eH
63H=€zH
(b) Distinet coseks ave dis\joinl'
(¢) Cosels have the same Gize |mH[=2 = |H] ¥V mes,
(d) J;=H U eH U eH

Grroup (R*, %) Jubdvoup (R x) fw TIMEET
1R+={TJ:J£K+7={TJ:J7OH= R «+<0

where R={veR:v<0}

Let ¥20.Then vs>0 for all 550 if h>0, then, h=v_£_\eﬂR = R-R"
Jimilavluj for 1<0

(a) Coset leaders ave NoT wigue:

1R"= 2R elc
(b) Distinct cosets ave dis\')oin{'

(¢) Cosets have the same size: 3 bi\jediom R—R, x—a
(d) R% RTU R



The coset lemma
Let H4G wheve G s a group
Define velation, 4 on G bj the vule :
Ay b &< bacH

Then, ~y 15 on equivahncc velotion, on G and

[a]=aH
proof: Let a€G. Then,

Re;[;lexng-' of'a=e£H S0 Ay A

Sanmiv?i Suppose that a~yb. Jo baed. Then,

(b'a)eH as H<G.
Hence d‘(b")—‘r 6 béeH = bnya closwre undev fnverse

Transitiwiby: Juppose & b,¢eH ond any by ¢ = bae H, ¢'beH

= ('bbaeH
= (aeH
= awHG

closuve

Hence ~y is an equivalence velation
We have [2]= {beG: bnyal
= {beg: a'be HY
= fbeg: d'b=heH)
T {béﬁ: b=al\,,k€H‘7
= aH

Rgm'mo‘ef‘- Fov anj e1uiva'ence 'Te|a{‘ion5 ve have

anb & [al=[6] & bela)
& aelb]



Let H¢G where G s a group and let a,b,ceG
) a€aH
2) ceall & cH=all
3okt =bH < aHnbH#¢
i) aH=bH & blaeH
5 aH=H & acH

Proof:
() aclal=aH a5 avya
(2) ceall = [a] & (H=[c]=[a]=aH aH=cH

(3) Eq/uiva’ence Classes pavhhon a sot
(1) aH= b8 & [2] =[b]
@ a Ny b . b

o

& blaeH
(5) ah=H & all = eH
& ¢achH
& acH

Let H<G wheve G is & group. For any a,beqG

laHl= [bH] =[]
proof © Define fanction
>‘b: H— bH
/\b(b): b’\,

Onto: Cleavly Ay is onfo since if bhebH, bh=A(h)



One-to - One:
Tf M) =2, (00 =D bh= bk left cancelation,
— h=k
Hence A, is & bijecjciOV\, = [H| = [pHI
Hence for any a,b€ H, IH| = |oHl = |aH]

Definition Index
Tf H<G then [G:H] is the number of left cosebs of Hin G
[6:H] is the index of H in G

Lag‘ranje's Theovem,
Lagvange's Theovem,
Let G be finite group and H<G. Then, the ovder of H divides ovder of ¢
Il |16l
Moveovet el = [
|HI
Proof: Let k=[G:H] and a,H=H, a,H, .., aH be distinct left cosels of H in G

Bj lemma above
lagfl= U] ; 1¢i¢k

and
GHNa H=0 ) 14i¢j<K

For any jéG, we have jéjH. Hence
G=HU aH 0~ Ua,H

and then,
|Gl =IHl+]a,H] +agH| + - +|agH]

[HI 4+ 1R (K teyms)
k[Hl
o |H|||G| and Jlﬁl-l-%z k= [G:H]



Note: We could also have wnsed TijM: coseks

Definition; Right Coset
Let G be a group, H4G and acG
The tight cosel with coset leader a s
Ha = {ha:heH)

The dual a17umn’c leads to La31an3e's Theorem,
Consettmev\{\vs'- ¥ G is a finte group and HLG then,

number of left cosets = number of 'rijht cosels of HinG

Appl?cn’dov\, of Lauj'ranje's Theorem,
G a group, acq
{a> ={a*: keZ)
1s the cyclic Jubj'rou? denev&ed bj a
T4 G is finite then, ofa) is finte and if ola)=n, then
=ikl and  {D>={e,q,a, -, a*)
Ovder 6010"017
Let G be o finike group and Lot aeG
Then, ola) divides |Gl

Proot:

We have [¢ad]=0(a) and |<4>|| 14 b‘j Lajvanje's Theotem

Con&eqyen’c\«; am:c f1om, vemainder lemma.

Exevcises

Let |Gl=p wheve p is prime. Theq, G is cnchc and 3enem{eo‘ by any of its nm\—idcnlz‘nkj

elements

_mL: Let |&|=p wheve pis prime. Leb acG and age
Since o(0)|G and o(a) 1, we have o(a)'-p
S [Ka)l= ola)=p=]6l . Hence G={a>



LC% !\?2 T‘\C'\, A'\::L"
2

Proof: Recall Ap={wesn: ol is ovenl
Let O,={tedy: A is 0dd}= o\ Ay
o dn= Ay 0 Oy (olis\)oin\: wion) = [dal = [A,] + |O|,\
Claim; Oy = (12)A,
We have (1 I)A,\, =((|2)o(1 o((.A/\,“] < 8'\,
6, ={(11)(12)p: peOnY (11)(2)= T,

even,
< (1) A,
Hence (12)Ay € Oy,
By lemma above
|A = [(2)a,] = 16, =D 16.]=1A,] 4164l
= lsal= nl= 2] A4l
= A= _r%!

Fermat's Little Theovem,
Let p be prime and aeZ Then,
a=a'(mod p)
Praof:
T a=0(mod p) then, result is clear
Tf aF0(mod p) then, La]e Zrk
121, = 1 o0 (17 [1] = [a*] = [3]
= =1 (mod )

P

Heace a'= a(mod p)



9. Normal Subgroups and Conjugacy

Definition, Con\')ujal:e,
Let G be a group and lef a,jéG. Then,

9«3" s a Conjuja{e of a

Define a velation, ~ on G by
avh S pis Covfjuja{e of a
= b=gaq" for jome geG
Noke: 3"a3 s also & conjugate of a as
jlag - g'alq

~ 1S oan eei,u‘nla‘ence 1elation,
Proog: Leb a,b,c¢ G
Lbékx?_\ﬂg,i We have azeael = aea
Symmgbry > Suppose avb.do b=gag” dome geG. Then,
a- 3"(;? = oo,
Transibivity: Suppose anb and bec. Then, b=ja9", czhbh for ome 9 heg
S0 c=hbk' = k(gaa")’\—l
= (hg)u(g"h")
=(k3)a(h3)—'
= a~(

EziuNalencc clagses :

[a]= {beG: anb) = \{5“34-' 36&1]

Definition, Con)ujacj Class
The e1uiva|eno¢ classes wnder n ave called (,on\']ujaaj classes

[a]= {beG: anb) = f3a3": 36@7]




DIf G is commutalie and avb, then,
b=ja5"= am"= ae =4,
Jo ~ 15 an e(tuam:'? nelation,

1) Let A, Pe6L(nR). Then,
det(PAP™) = dot P detA det P
= (get 2)(det ) (et A)

det(PP") det(A)
det T det A
= det A
Hence t# AeSL(nR), theq, if A~B, then, bedl(nR)
3) In & with p=(12)(354) = 6= (12)(345)
Let o=(125)

Then, §kp = (12)654) (125)(12)(34 5)

=(142) =(214)
=(p(1) p2) p(5))

lf) LC'& o(=<ﬂ|----"ak> éJ"'. LC& Tétfr\,
We G(Aiﬂ\,: 10(7—‘= (T(al) T(a;_) """ 7(01())

proof: Jup?ose x=7(a;)  1<¢i<¢k
Then, (77 ')(Jl) TdT"T(m) = Yal(a;) = 'J(am)

"

so (317 (¥(ai) = 7(aiey) K4l =@
T4 14 {v(a), - 5 (a)] then, ¥ M(x) ¢ {a,- @)
Then, Yo7 @) = ' (%) =x a5 o leavey (J.)

(5(a)-¥(a) @) =
$o Ty ' (V(M)""'V(al»

fixed and



o=(13)(24) : C«Jc[e type s 2,2]
p:(l 23456738 4) = (145)(23)(s%9)
32513986

C«jc‘c ‘hjpc : [, 3 2]

Let o pedn . Then,

dep S o and p have the cycle type

&M__E:
If =Ty, %, € cvclc decomfosihov\,, Iev\7H\ of T % 4
Then, <S_|o(5= 8, ¥y 5"= 87, I'LYZI'L '""Im"Ké'(
=(87160(67,8") - (§7,87)
We have 6’6;6-' s a 63cle of L
Move ovey  5f Tp(*f,----.l;&),{-kev\,
6,6 =(664), -8(g)) and ;8" = (6(a)--- ()
These cﬂcles must be dfsjm'nf, for 3f
J(J(:L)=5(1\f) p— 13,,=13 bu’ definition, of b'l\iech’on,

Hence =§u8” and o have the same cycle type

The converse 1S also true. Jupposc that

s & disjoint decomposition, o with the same cocle tupe as &, so that the length of
M s .l-,J -IFov 1éoiféw\. n ot P e ]

Write
M‘K = (5: ‘j;")

Then, |
|{.’X.i, ..... ,.‘X.:}",.......,-l?w‘tl = Hc’i' ..... ﬁ‘l ..... 91'\'”

= ﬂl 4ot QM'



— ({1,-¥\ {yf, ... Ty ,9?“?) be a bi\,’ecf?or\,.
Define Sedn by
6(«3): ‘j}
aond for 2¢{xa, ... :3‘/'(."""'1:’ ..... , 3%}
§(2) = 6(z)

Then, ] -1
&;(J 1: J'J‘ 1"“5

:(6')’16-1) ....... (6'(”‘ 5—') = M My
=f

Let %=1, (12)(34), (3)(2 k), (14)(23)]}
& A‘t a5 evevy element of % is gelf inverse L€k
(ab)(cd)(ac)bd) = (ad)(bc)
= Mull:?Phcafiom % closed on % and K SA,r
Further, 1F (ab)(cd) €K, then, o Téd,
T(ab)(co\)'ls'l = Y(ab) ¥ v(cd)
= (v(@) ¥(b)) (¥(c) () €

A,f has no order 6 Jubj’fou]?.

Ne have |Al = 4l=12
2

Proof: The cjcle ‘cgyes of non-iden’dk-} elements of Jy ate
[2], [2,2], [3], [u]
Elements of chlc Eype [2] ate of form (ab) evwen,
Elements of cycle type (4] ate of form (abcd) = (ad)(ac)(ab) odd
Elements of ujcle type [2,2] ave of form, (ab)(cd) even,



Elements of Cyclc h”»e [Z] are of form, (abc) 2 (ac)(a b) even
§o the elements of Aq are, I{I,f,(lz)(Slf), (13)(24), (14)(23),(“3),(132),.}
(124), (142), (134), (143), (234), (243)

So suppose H¢ A‘t , [HI= 6. Tf H contains 2 elements of type [2,2] it must contain,
the thivd as

(ab) (cd)(ac)(bd) = (ad)(ch) closure

Also all elements of [2,2] type are self fnverse. Hence

K={I4,(l7~)(3‘l), (13)(24), (14)(2 3)? <H con%md?chng Lagvanje's Theorem.
as k46, k4 IHl
1f (12)(34) € H and o=(abc)eH, then,

L12) 08T e H = () &(2)) (a(3) (k) €H
(an only have one [2,2] element. To aveid conkrodickion, , we have

(12)(3 &) = (&(1) () () «(x))

We could have

(1) =) «(2)) (3 4)=06) ak) - conbradickion,

0Y

(12)=((s) &(y) and (3 4)=(@(1) &(2)) - contvadickion
So H consisks enl-ivc[-j o-{- 'wlen{i‘:«] anJ .3-6115]6. Bu[’ J cﬂcle) (ome in pa'm
= |Hl=0dd
S onbiadickio

Hence no such H existe



Normal dmijomfs

Definition, Novmal Jub«)mP
Let G be a group and H4G.
Then, His a normal wijouP of G denoted H2G i
Vﬂé& VheH, 3k9"£H closed ander conjuja{ﬁom

te. His a union o{- COnJM1aC¢1 classes

(1) H¢G where G is commatative.
Thevefore  for any g€, heH,
ghg'=hgq" = h. Jo HeG
2) We a|wmj) have {e} 4G, G G since jcjl:e
3) For e, and e Ay,
Jg(o(po(") = Jg(d)sg( P)sg(d")
< Jj(o()sg(o(")
= Jg(o(o(")
< Jg(I,L)::L
= dps €A, and A, S,
k) Let H=fI\,,O‘27
00, ¢ "= €0,6'= 034 H. & HES,
5) L R) € 6L R)
T¢ AesL(nR) and PeGLNR) then
det(A) = det(PAP") we have PAP€SL(nR)
Jo sLoR) 4 GL(nR)




Simple Groups

De-FiniHor\,
A group G s simple if {el and G ave the only nomal subgroup of &

,‘5\,f 5 .Simplo
Proof: We have shown,
k4 A,f




6. Homomorphisms

Homomorphisms and isomutphisns

Definition, Homomorphism and isomovphism,
Let (G,O) and (H, %) be J'rou?S and et

0:6->H
be a map.

00 i a (gﬂul)) homomorphism, i Y beé,
0aob) = O(a) 6(p)
M0 b an, isomorphism, 4§ © 5 & homomorphism, and O s a bi\}ecfiom

AR
0 b ¢ 0(b)
a|l  aob 10 0(a) £ 6(b) = G(acb)

N

1) Let G={eY, H={#) be brvial groups. Then,
0:6- H
Ole) =F
15 & howmomoyphism, gince onlq products in, G are
ceze and Olee) = Ofe) = £=4{= 6(e)6(e)
C(emrl.1 0 isa bl\jec’ci% =) isomorphism,
1) &:T=f1-(] — {5,6)  gien by
0):I,  w(-0=0,
15 an, isomovphism,
proof: Clea1|.1 o 1S @ b‘i\jecﬁo’\. We have
(1) =(1) = Ty = T,T5 = (D (i)

{(i-1) =€) = 6, = Ty0, = () (1) (- 1) similar




d((0N)= (1) =T, = 0,0,= al-t)al(-)
Hence o is an, isomorphism,
(8) 6:R~> R™ giren, by
6(x)=¢”
s & homomorphism, gince
Vx,‘j 6(x+«1): 6”7 z eiea z 9(1)6(‘33
0 is not onko since MO = R => ot an, isomoyphism,
:RRY i 4 bi\jed’ior\, = 150moYphism,
K det: GlinR) — R i homomorphism,
det(AB)= defA det B
Note' det i not an isomorphism, fov n22

, 1 yx
F a0 Jeazaet 1 0 (ot 2-1)
0 0,

9) :k—>T={1,-1] given by
0(e)=0(a)=1 = 0(b)=0(c)=-1

18 & homomorphism,

hool -

) 0(ae)=0(8)= 1 =11-0(a)6(e). Similar for eack



0:G—H s a homomorphism,. Then, Vqe G, 2ed
1) @(e&): ey
) 64")< 6(g)"
i) 6(¢?) = 6g)°
Proof:
) Oleg) = O(egeq)
= G(e&)e(eq) 0 is a homomorphism,
—> ¢, 0(¢q) = Oeg)ole,) since. e, 6(eq) = B(eg)
= ey-=06leg) by vight ~ cancellation, fn, H
The ov\l', idempotent element (element that squares to thsel) is the group 'uolcnhh,)
i) We have €= 9(53) < 9(35") = 0(4"9) Vgécr
S e=0(9)0(4") =8(1)0(9) a5 O is & homomerphism
= 0(¢")=(6(s) "

i) 6(4°) = Bleg)= ey = 6(g) by (1)
For any neN
8(4*)= 8(g- g) 6(q) BL\J 9(9

6(4™) - e(@)) - (ol >>
= (o))"
< 6lg) ™

b’ i

Iéomovpl\?c Grvoups

Definition, Tsomorphic
A qoup G is isomorphic to 4 group H if
3 an somorphism, 6:G —H.
We write G<H




Tt GiHand K are groups then,
)T GG s an isomorphism,
W) T 0:6H s an, isomorphism, then, 6 H=6 is also an isomovphism,
i Tf :6oH, w:H-K are isomorphisms, thea,

YO: G K i an isomovphism,

Proot
f) To: GG s a bijection.
Fov any abeq, I&(ab) =I&(a) T, (v)
Jo Tg is a homomorphisw, = hence an isomorphism,
= G6=6
6,0 ar mhallq mvevse. o 0°H-G is a bijection,
Leb hkeH. Since O is onto, TN, K'eG with
O(K) < h o) < k
Then, 8(KK) = 6()6(r") = hK
S §'We' =Nk =6"(hk) = 07 an, isomovphism,
—> HZg
1) For any g,he !
(y6)(9h) = w(6(gn)) G Nk
= y(6(9)0(h))
= (6(q)) y(o(n)
= (0)(9) (x6)n)
= composition, of homomotphism, i a homomorphism,
Compasition, of b?\]ecHon s a bijectin, = Y0 s a b'x\jeclﬁom
= Y0 is & isomorphism,



The velakion, = o an ewuwa\encz velation, on, the class of all groups
pof

Let G, H K be groups.

Reflexive: E‘j i) of previow lemma, LoiG G is an, isomorphism,
= GG

Jgﬂﬂdﬂp Tt G2H, 3 an isomovphise, 0 G—H

Then, bt] (i7) b'1 lemma, 87 H- G i also an, '(somorpkisr\,
= HZG
Trangitiily’ GZH and HEK =2 360:6 —H and y:H—K duch that
O and ¥ ave isomorphism,

=2 Y¥0: 6K % an iomorphism b‘j i
= =K

Properties shared by omorphic toups
Properties of Lsomorphism,
let GZH and let &:G—H be an, iSomorphism
) order of G =ovderof H ; |6l =IH|
2 G b commutdive & His commibabive
3) Let aeG. Then ofa) = o(a(a))
4) G is ctjdic & H s Clel?G
Proof:
') true dince o 18 @ b’ﬁechom
2)Ju??ose G i commutabive.
Let )b €H. Since of s onto, Ja'b€G fuch that
d()=a  allb)<h



Then, ab=o(d)i(v) = w(a't)
«(ba')

=« (b) o (a)

n

= ba
= H s commudative.
For converse, 4 H & commutative, then wse the fack
LHoG
s on ison\orpkisw\,
3) daee & alM=aley) w5 of 15 11
R OE e,
) Tf G s coclic G=Xa)={d:2¢2]
Then, H={(@):2¢27 gince H=a(6)
o H={x(o®): 2721 = {x(a)*: 2¢79 = 0@ = H s cbcho

For converse, use the foct o« :H—G s also an, isomorphism
! p

Jhow’mj groups are 'uommrpkicl ate, not isonorpl\io

To show G2H, we must Find an isomorphism, betueen, them,

) (R4) and (R,x) ave isomorphic ns
0:R >R
0(x)=e"
S an, isomovphism,
)T G=$2) and H=o) ave yclio groups of otder n, then, GEH
Define w:G—H by «(a') = '
We have 4 = a; = 'IEJ(MJ ")
E b=t



E () =d@) el fefined
Clearly o is onty (b= u(al))
For any a‘, a‘, we have o(a'd) = o(a¥)
o < b b =ala)ale)
Hence o i3 an, 150morphic

To show &#H, nok womorphic, we mast find a property presevved by isomovphisms that one ave
hay bat Hé othey does Iot' WEAME A piopersy praent b'] LoRoTp 9roee

(1 R*J.\, o R s infintike, [sa]=nl<coo
(1) 60 F S i ndm as [yl =nl £ nl = [6al
() %2, a5 §; nob commutabive but Z, is
(k) KZZy as K not c«Jdio bt 24 s
(5) R 2 R™ a5 B¥ has an eleneat of ovder 2 (I\M'\e‘uj 4¢R) but RT does nok
O REQ" w for all 1R 37 R ond (7)=1
out Jge Q" with g2
Also could $ay |Q*] 4 IR*|

AqummP\\ims and ‘fnner aulomorpkisr\,

Definition, Aul'omov?kisw\,
A automorphisey of G 15 an isomorphism, G—G.
we denote b‘, Adt(@) the set of all aulonov?k\sw\,

AMH&) forms @ goup undes o
gronfs We show Au(6) €3¢

Tdentity: We know Tg € Aut(G)
Closwre: Tf O,y ¢ Aut(4) ,then, 0,4 are isono\rfl\lw\,



= QY GG i on isomorphism
= 9ve Aut ()
Tnewe: 076G s an isomorphism,
= 0 ¢ Ad(4)

Let G be a group, ae@. Define

VY, G—a
0 | inner automorphism,
Yalg/) = a 94
Y, € Aut (4)

Proof:
homomovphism;: Ya(gh)=ajha"= aje)\a" = (a 3a")(aka")= ¥,(9)p, (h)
one- bo-one: Wa(q)'-‘%(h) = aja'lr aka."
= 3=,\. bv cancellation,
onto: For ony 366, we have
'\h(a'ija) T a(a"ja)a:1= (Ai')g(aa") = eae =9

Definition, Jet of all inner automorphisms
The set Tan(6)=$ VazaeGl is the seb of all fanex aufomorphism, of G

Remark: Tf G is Commutative, then, fo any Yy
"{’a(g)= aga"= jaa"=5 =I¢(3)
50 that "Ya:Ij = IM(G)={IQ1I

For oedy,
Y0y a,) = (a0 P2 (la) ofa) - ollan)

then if B=T %7 T a cvcle decomposition, then,



(Yol<p) = "I’.((Tt"z' ""T;)
= '\(d('y') ..'\(0(<TK)
= v, preserves cy!e, {—:ﬂ:e,

Let G be a group. Then
Tn G £ Aut G €6,
ptoof:
Takiby: Tz, Tn(@) | o) egé'eg
Closure: Let %, , Y, € Ian G
Let g€ G. Then,
Yo¥,(9) = (b [ b")
= a.(bgb")a-'
c abg(ab).l - '\yab(g)
= Yaly = Y€ I G
JTnaverse :
V¥t = it = Ye = Le = Yaat T Va'a

= ('\y“)-lz (3 € Tnn(4)

Propevties presevved by homomophisms
Propetties Preserved by onto homomorphisms
Let G,H be groups £:G = H be an onfo homomovphism
1) 16|24l
2) G is commutative => H is commutabive
8) Let ae@. Tt ola)=n, then o(a(a))=n
k) G s c\«,chc = H s cyclic



Proof:
1) True Since o is an, onko function
2) Suppose G is commutative. Let a,be M. Since & is onto, Td,b €6 such that
2(@)=a , «(b)=b

)

T’\BV\, ab: o((al)o((bl)'—' o((a")l) :o((l)'ﬁl)=°<(b‘)o(<a‘): ba.

G commutative
3 ola)=n = a{‘=¢gq
= e = aleg)
= o((a)'\: ey
=> o) |4
AR cﬂchc — Jaeq sl
G= o) ={a: 2¢ 7}

Th
" He Tm(d) = {<(a®) iz €2} onko

(@) 2e2) = G6F 262
= {b)
where b‘-:ol(“) = H s cjchc.



7 Quotients Groups and the Fundamental
Theorem of Homomorphisms

Kevnels and Imjes

Definition, Images and Ketnels
Let &, H be groups and let O: G H be & homomovphisw
kernel of O ke1(6)={3é&3 6(3)=€11
Trage of 0 Tn(6): {6(g): ge6)
InG is the homomovphic mage of G

B’ defn,
kerO<G and InO<H

9:64L(2,R)— R¥ given, by

~
0(A) = detA. Then Kevne| | .
)0 is a homomovphism 0

ket 0= 102, R)
1) In0=R" = 0 is ono
Prne
T)hamosovohiom : Let A, 8 eGL(2,R)
O(AB) = det(AB) = det(A) det(p) = 6()a(b)
i) Acker(8) & 0(A)=1
E det(A)=1
& Aest(2,R)
Jo A€ kerO
i) Let 16R" Then, 3(

1 0)6 &L(2,R) and
0



6(’( O):Y = O is onko
i = Tnf=R"
y\ -

Let G, H be groaps, 66 S H a homomovphisms. Then,
) 0(a) = 0b) & a'be ker
2) Qis 1-1 & kex(6)={eq}
ptoof:
l) We tnow {rom, Lemma P9
ola) =0(b) & 9™ o(b) = 6(a™")6(b)
& o(a'a) = 6(a'p)
& 6(eq)=0(ey)
& ey 6(a'h)
& dbeker O

2) We Know e é€ Kev O
Suppose 6 is 1-1. ¥qekerQ, we have
6(9)=e,y=0(e,) => 9=¢¢ (6 is1-1)
= kevQ=¢g
Convetiely suppose LerO={eg]
Then, 6(a)= B(e) = 6(a'b) = ¢y
=) a'b € KerO
= a'b=¢,

= azb
Thevefore 0 15 1-1



Let G and H be groups, let 8:6—H be a homomovphism,
Then, ker® 4G and In0<H
oot
We have from, Lewma 6.3, that 6(eg) = e,
Kex :
Ldentity: Jo eceker® os ker(e)={geG:0(9)= eu] and Bleg)=cy
Closwre a,b€ ker 6. Then o( a)a Zeye,= €,
Invene: 6(a7= (6(a)) - ey = ey
Conjugacy’ Let g,he G he kexO
0(ghg™) = 6(3)0(h) 6(4")
= 0(3) ey 6(3') as hekerd
6(s)0(q")
al 6(9)6(95|=6H
= gk\t,—'ékn@
= Ker64G

Im0:
Tdeatity: €4€In0
Closute: Lt g,heIn0 = {0(x): keq
Jo da,beG with 9=6(a) and h=6(a)
91\’— 6(a)6(b) = g(ab) ¢ In0
Tnerse: "= (6(a)]" = (&) & Tn (o)



Construckion, of Quotient Groups
Let N2G. We lef
Gfy={oN:aeG]
Define  product
(aN)(bN) = abN
multiplication iq G
Well - Defined
aN=cN and bN=dN == qbN=cdN

proof : We have CaeN and d"beN

N - -l -1
P (Cd) |(db) s d—‘c—lab =_i(bb )g"ab

= (@) ("B = ("D () b))
J’ ellxl
N eN
() abeN = ghN = cdN

Let N4G. Then G/n is a gfoup under (aN)(bN) = abN

Ldentiby - T = N = eN

Tavene: (an)' = a'N Vaeg

proof:
AJgociaf'!vil;v_'-Le{: aN, bN,cNe G/
Then, (an)(bNeN) = aNbeN = (a(bc)N= ((ab)c) N
:(ab)NcN = (an bN)cN
M;_%ol_ ¥ aNeG/y
aN-N = aNeN = aeN=aN = eaN= eNaN
= NaN



Taverse: (anN)(@'N) = aa'N =eN= N=gd"a N = (s'N) (aN) = (AN)—I'—' (an)

Definition, Quotient Gfou[)s

G/N i the ztuol:ienl: 4roup of factor group of G bc’ N

det: 6L(2,R) —R¥ i 4 homomovphism,
Kevdet = §LQ2,R)=$. o
§ 9 G=6L(2,R)
Further for any 4,8 ¢ 4L(,R)
Al=85 & BAeS  cosels
& foktB'A=1
& detB=det A
We have
Gjo = §AS AeG ) and
(a9)(88) = (AB)S
$o it seems Gf =R

Let N2G. Then,

VyiG — a/n

v,(9)= gN
i an, onto homomovphism, with Kervy=n

ool
homomovphism: ¥ g, he @, we have
bu(9h) = ghN = gNkN - w(9)v, (W

onto: Let 91\16 G/N' Then, gN= \m(g) = v, is onbo

Finall
it nekew, < =N & NN &E neN. - Kervy =N,



Nobe  Gfy = Imvy

We now Know

{Kenels of homomorplﬁsm} = { novmal Jubgrourﬁ
(q,uo!:'nen{: Troupﬁ < (komomofpk}o TouM
Fundamental Theovem, of Homomorphismg (FTH)
Let G and H be groups and let 6:G—H be a homomorphism
Then, kex6€G Im6 <H and &/kmre;I"’e
proof: From Lemma 1.k, we have kev0<G and In6<H
Leb N=KerO. We want by vhow 9N 2In0
Define O: G/y —Im0 by
8(an) = 6(a)
1-1 and well-defined: Y an, bN € Gy,
aN=bN & blaeN

&= G(b"a)=eH as N=Ker@
& o) 9(a) =¢
& o) = 6(b)
& G(aN) =8(bN)
=: G is well defined
& 0b1-1
nto: ¥V heIm O, we have
h=0(a)=8 (aN) s @i onto
homonofgl\ksﬂ,: a(aNbN) = 6(abN)
6(ab)
6(a)o(b)
= g(an) (pN)

[\



We have deb: 6L, R)— R* 3 an onbo komomovpknsm 50 imdet = RY
kev det =SL(2,R)

Let 6=l R), $=$L(,R)

Then, b«j FTH, G/g = R

det: Gi—> RY det () = dek(A)

Apphcaﬂov\s of FTH: Examples
1) Show that for any n22,
Avddn and 4, /AN'—‘:'-T
wheve T={1 -1}
proof : Recall the J?Jv\ Junction, §9

sgi dy =T
(o() = Y1 &
] {-l o l'uss e:f&‘

We dvew a table

§9 | 98 Jj(o(ﬁ)
1

1 1
1 -1 -1
-1 1 -1
-1 -1 -1

Clear fvom table,
solup) = s9l«) 59(8)  Vapedy
== 5 is & homomorphism,

Further
o(ékcf(sj) e Jjo(:l

& e A



So An= Ke'r(Slj)
Onfo’ We have
1259000 and -1=49((12))
= Tnlsg)={1,-4) =T
83 FTH,
Kev(59)= A4 dn

2) Show that §L(n,R) € GL(n,R) and
GL(nR)/sL(n,R) = R"
aool: We find an, onko homomorphism,: 9:64L(n,R) — R* such that
Ker © = gL(mR).
(ongider  det: GL(nR) — R®
A det A
homomorphism,; debAB=detA det B ¥ A, B¢ GL(nK)

dako [ mK*, EI(Y 1. 0) € GLINR) such that
o 1
1, 0
det <01.-"l.\) =Y = det is onto
= Imdet = R¥
Ne have
Ackerdet & det A= 1
& Aesling)
S0 SL(nR) = ker det .
by FTH,  kexdet 4 GLNER) = SL(nR) 2 GL(n,R)
L0 R) frer deb 2 Tndet = 6LnR)/gLNR) = R*



3) Show that nZ 427 and
Z).,= 4,
wheve I\Z={V\ZIZ€Z}

phoof: Define
L' L — 2,

«(2) = [2]

kgmomovgkcm,i v 2wel,
AZ+0)= [2+u]=[z2] @[] = x(2) 6 «(v)

onto: V[E]GZ,\, 22 such that [2]=«(2)

=> o 15 onfo
= Imd=2,
F?nall\1 ¥ 2eZ,
zekerd & «(2)=[0]
& [z]=[0]
&  2=0(mdn)
& nlz
& z2end
S0 ket =nZ

By FTH,
! kerd 47 = n2 47

Z/km( 2Imod = Z/,\Z“:“Z,\



Ditect Product Gvou[:s
Fov any subsebs A<G, B<G of a goup G, define
AB={ab:acA, beB}

Definition, Tnbernal Divect Product
Let G bea goup, HEG, K<¢6G.
We Jay G is the internal divect product of Hand K if
() HdG, K446,
(i) HNK = {e]
() G=HK = {g=hk: heH, kek]

Let G be the inbewnal divect product of subgronps H4G, K<G.
7)V36 G, the expression, of g
3=kk
for heH and KeK i
") If heH, kek = hk=kh
i) G = HxK
W /M 2K
Proof:
) Tf Vge, g=hK=RK' uhere hheH, KK'ek.
Then (V)'h= K(K') el nk={e} => (W) h= K (K)=e
S = hzh od k=K
i) Suppose heH, keK. Consider (K)(kA)
(R k) = Rk = (RkKDKTS RK'K') € HnK = {ed

€k €H

= hk=kh



it) Define 16— HxK by
p(9)= (hk)  where g=hk, heH, kek
Well- defined: By part i,
M=RK = h:=h, K=K
= (k)= (v, k)
one-fo-one: w(hk) = w(KK) = (k,k) = (8«
= h=h K=k
= hk= hk
wabo. Jince G=Hk, V(hk)eHxk 7 g9:hk st w(g)= ()
Hence 'y is a bijection,
homomorphisen, % ((hE)(a b)) = y(hakb)
= (ha, kb)  hoacH, kbek
=(hKk)(a,b)  external diveck product
= y(hk)y(ab)
Thevefore 'Y is an isomorphism and
G = Hxk
w) Define @: GK
O(hk) =k heH, Kek
uell-defined: By part 1)
hk=hk' = K=k
onbo: VkeK, Jeke G=Hk v.t 6lek)=k
= Tm0= K
homomorphism: 6((h(ab)) = ©(hakb) = kb
= 0(hk)6(ab)
Finally hkeker® & olhklze & ke & hk=heH
Hence Ker@=H and by FTH, G[uEK




